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Nonreciprocal transport (current rectification) in bulk materials is rarer and more complex than at
interfaces. We theoretically demonstrate ion current rectification in binary superlattices of oppositely
charged nanoparticles and show that this effect strongly depends on the direction of the applied electric
field. We derive an equation that relates the symmetry elements of the superlattice to the directions where
rectification is forbidden. This equation is used to analyze the conductivity of different superlattices
obtained from the numerical solution of the Poisson-Nernst-Planck equations.
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Current rectifiers have different conductivities for differ-
ent polarities of the applied bias. For example, asymmetric
nanopore and nanochannel membranes rectify ionic cur-
rents [1–5], which has enabled applications in sensors [6],
energy conversion and desalinization [7], and iontronic
logical elements [8,9]. On the other hand, nonreciprocal
transport in a bulk medium is less common than at
interfaces because it requires noncentrosymmetric crystal-
line materials. Electrical conductors exhibiting this phe-
nomenon has been reported [10–12] and proposed for
harvesting energy from oscillating electric fields [13]. This
Letter explores for the first time a material exhibiting
nonreciprocal ion transport: we theoretically demonstrate
ionic current rectification (CR) for binary colloidal crystals
of oppositely charged nanoparticles (NPs) [14,15] and
show that it strongly depends on the orientation of the
applied electric field. Noncentrosymmetric NP superlatti-
ces (required for bulk CR) have been already prepared [15–
17] and there exists studies addressing ion transport in
arrays of charged NPs [8,9,18–23] and thin NP membranes
[24–26], which places the material we propose within the
grasp of current technology. The main theoretical result of
this Letter is an equation that states the symmetry con-
ditions required for nonreciprocal transport in colloidal
crystals, which we use to analyze the results of numerical
calculations.
Our model system is a binary crystal of Np positively

and Nn negatively charged spherical NPs per unit cell of
volume V; see Fig. 1(a). The colloids have Qi positive
(i ¼ p) or negative (i ¼ n) charges and a radius Ri. The
charges are evenly distributed in a spherical shell of

thickness Hi around the NP core (i.e., a charge layer),
which models a thin polyelectrolyte brush or gel [27]. The
crystal is immersed in a 1∶1 electrolyte solution containing
NnQn cations and NpQp anions per unit cell. Ions can
access the solution around the particles and the shell
surrounding the core, but not the NP cores. Ion transport
is modeled using the Nernst-Planck equation

JiðrÞ ¼ −Di½∇ρiðrÞ þ ziρiðrÞβe∇ψðrÞ�; ð1Þ

and Poisson equation

∇2ψðrÞ ¼ −
e½ρþðrÞ − ρ−ðrÞ þ ρpðrÞ − ρnðrÞ�

ε
ð2Þ

see references [28–30], where r ¼ ðx; y; zÞ is a point in the
space, β ¼ ðkBTÞ−1 (T is the temperature and kB is the
Boltzmann constant), e is the elemental charge, and ε is
the dielectric permittivity, which is assumed to be position-
independent. JiðrÞ, ρiðrÞ, Di, and zi are the local flux,
number density, diffusion coefficient, and charge of the ion
i (for i ¼ þ;−; z� ¼ �1). ρiðrÞ for i ¼ p; n is the number
density of fixed charges in the shell around the NP core of
type i at position r. ψ is the electrostatic potential.
All sets of points r1 and r2 that are equivalent due to

translational symmetry (periodic boundary conditions)
have the same ionic concentrations and fluxes, ρiðr1Þ ¼
ρiðr2Þ and Jiðr1Þ ¼ Jiðr2Þ. The total electric field can be
split into a constant, externally applied field (Eext) and
an internal component, i.e., E ¼ −∇ψ ¼ Eint þEext. The
internal component, Eint, is generated by the charges of the
ions and NPs, and thus it is a periodic function in the
system,Eintðr1Þ ¼ Eintðr2Þ [30]. UsingEint ¼ −∇ψ −Eext

and integrating between points r1 and r2 results in the
following boundary condition for the electrostatic potential:
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ψðr1Þ − ψðr2Þ ¼ Eext · ðr2 − r1ÞT; ð3Þ

where the superscript “T” indicates the transpose, i.e.,
rT is a column vector (vectors without this superscript
are always row vectors). At points rNP on the surface of
the hard core, we enforce the zero-charge boundary
condition, ∇ψðrNPÞ · n̂NP ¼ 0, and null ionic fluxes,
JiðrNPÞ · n̂NP ¼ 0. Note that the zero-charge boundary
condition is imposed on the surface of the hard core
[black particle in Fig. 1(a)] because the fixed charges are
distributed in the volume of the shell [see Eq. (2)], but
there are no surface charges on the core. We model
steady-state currents, and thus the continuity condition
applies for the ionic fluxes, ∇ · JiðrÞ ¼ 0. Finally, the
boundary conditions for electrostatics defined above
determine ψ up to an additive constant, so we set ψ ¼
0 in a fixed point of the unit cell.
The total current density is given by [30]

j ¼ e
V

Z
unit cell

½JþðrÞ − J−ðrÞ�dr: ð4Þ

This equation involves a mean over the volume of the unit
cell and it is only valid for periodic systems. In the
Supplemental Material [31] we show that this expression
provides exactly the same result as integrating the ionic
fluxes across a normal surface (which is a more common
approach) and discuss the advantages of using Eq. (4). In
the following analysis, we will consider only the compo-
nent of j in the direction of Eext, jk ¼ Eext · jT=jEextj.
Perpendicular components, which cannot be ruled out for
noncentrosymmetric systems [13], were in all cases very
small and close to the numerical error of the calculations.
We solved the Poisson-Nernst-Planck (PNP) system

of equations using the finite element method implemen-
ted in COMSOL Multiphysics ® v5.4 [1,30]. All calculations
used Dþ ¼ D− ¼ 1.0 × 10−9 m2=s, T ¼ 293.15 K, and
ε ¼ 10ε0. Further details about the calculations are pro-
vided in Supplemental Material [31] and Ref. [30].
We first exemplify bulk CR for a colloidal crystal of

oppositely charged colloids with the zinc blende structure
[Fig. 1(a)], a noncentrosymmetric colloidal crystal that has
been experimentally obtained using different synthetic
routes [15,17]. The choice of Q, H, and R (Rþ ¼ R− ¼
5 nm, Hþ ¼ H− ¼ 1.5 nm, Qþ ¼ Q− ¼ 190.6) results in
a density of fixed charges in the shell (ρp; ρn) of 0.3 nm−3,
which is achievable with current synthetic methods for
polyelectrolyte brushes [32]. Figure 1(b) shows jk vs Eext

for two different directions of the applied field. CR is
observed in the [111] direction [blue curve, the direction is
indicated with blue arrows in Fig. 1(a)], but not in the [001]
one (z axis, orange curve and arrows).
To quantify CR, we use the rectification factor

αCRðEextÞ ¼ jjopenk j=jjclosek j. The currents jopenk and jclosek
correspond to opposite directions of the applied field Eext.

Following the convention used in the nanopore literature
[1,4,33], the “open” and “close” directions were chosen so
that the former has always a larger current than the latter,
i.e., jjopenk j > jjclosek j, and thus αCR ≥ 1. While in nanopores

Eext is always normal to the membrane, in the present case
Eext can have any orientation with respect to the colloidal
crystal. Figure 1(c) shows αCR for the zinc blende colloidal
crystal and different orientations of the applied field
represented as a color map on the surface of a sphere.
The plot reveals orientations displaying no CR (αCR ¼ 1).
A key question is how the directions where CR is

forbidden are related to the symmetry of the supercrystal.
Let us consider a crystal having a symmetry operation
(rotation, translation, reflection, or a combination of them),
T̂ ∶rT ↦ ArT þ ΔrT. Here, the vector Δr results in a
translation and the matrix A accounts for reflections and
rotations. For example,

A ¼ diagð1; 1;−1Þ ¼

2
64
1 0 0

0 1 0

0 0 −1

3
75 ð5Þ

FIG. 1. (a) Crystal structure of zinc blende (space group F4̄3m)
showing the unit cell and the [001] and [111] directions for the
applied potential. Positive and negative colloids are shown in gray
and yellow, respectively. The inset schematizes the NP model: a
solid core impenetrable to the ions (in black) is surrounded by a
shell (permeable to the ions) having positive or negative fixed
charges. (b) Current density as a function of the applied electric
field plots for the directions shown in panel (a). The dotted line
depicts an ideal ohmic (linear) response. (c) Color map of the CR
factor, αCR, calculated with the PNP equations as a function of the
direction of the applied electric field (each direction of the applied
field is represented as a point on the surface of the sphere) for
jEextj ¼0.2 V=nm. Calculation parameters: Rþ ¼ R− ¼ 5 nm,
Hþ ¼ H− ¼ 1.5 nm, and Qþ ¼ Q− ¼ 190.6.
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converts the point (x; y; z) into (x; y;−z) and, therefore,
indicates a reflection in the xy plane. This reflection plane
is denoted as fm001g, where the subindex 001 indicates its
Miller index. Applying T̂ to the PNP equations (1) and (2)
(see End Matter) results in a simple equation that indicates
the directions of the external field Eext for which CR is
forbidden,

EextA ¼ −Eext: ð6Þ

This equation is the main result of this Letter and applying
it to different crystallographic (space group) symmetry
elements results in the following rules. (1) For reflection
planes, CR is forbidden for Eext normal to the plane; see
example in Fig. 2(a). This rule also applies to glide planes
(a glide plane is the combination of a reflection plane and a
translation) because they have the same A as reflection
planes. (2) For twofold rotation, CR is forbidden for allEext

vectors perpendicular to the axis. A crystal having a
twofold rotation axis remains invariable upon a 180°
rotation around that axis. Figure 2(b), shows a twofold
rotation axis aligned with the z axis, which transforms
(x; y; z) to (−x;−y; z). This axis is denoted as f2110g and
has A ¼ diagð−1;−1; 1Þ. This rule also applies to twofold
screw axes (a screw axis is the combination of a rotation
and a translation) because they have the same A as twofold
rotations. (3) In the presence of an inversion center, CR is
forbidden in all directions; see Fig. 2(c). An inversion
center (f−1g) transforms (x; y; z) to (−x;−y;−z) and has
A ¼ diagð−1;−1;−1Þ. Centrosymmetric lattices do not
exhibit bulk current rectification. (4) Other symmetry

operations (e.g., an n fold rotation axis n ≥ 3, correspond-
ing to a rotation of 360°=n) do not eliminate CR.
Table S1 in [31] lists the symmetry elements, Amatrices,

and nonrectifying Eext directions for zinc blende. The
crystal has three twofold rotation axes parallel to the x; y,
and z axes; therefore by Rule 2 CR is forbidden for external
fields vectors laying on the yz, xz, and xy planes, in
excellent agreement with the PNP numerical calculations in
Fig. 1(b). The other symmetry elements of the blende
structure (Table S1 [31]) do not cancel CR in additional
directions. Interestingly, the maximum CR is obtained for
Eext aligned with the eight threefold rotation axes
([�1� 1� 1]; see blue arrows in Fig. 1). We will return
to this observation later.
Figure 3(a) shows the (110) and (11̄0) planes in the zinc

blende structure. Figure 3(b) displays color maps of the net
ionic charge density, ΔρðrÞ ¼ ρþðrÞ − ρ−ðrÞ, in those
planes and different applied electric fields in the [001]
direction (z direction, which does not exhibit CR). In
equilibrium (Eext ¼ 0), the ions adopt a symmetric dis-
tribution around the oppositely charged colloid. An electric
field of 0.2 V=nm deforms the ionic clouds differently in
the (110) and (11̄0) planes. The twofold rotation around the
z axis (f2001g symmetry element) exchanges the (110) and
(11̄0) planes and, therefore, the ion distribution in the (110)
plane for Eext ¼ 0.2 V=nm is equivalent to that in the (11̄0)
plane for Eext ¼ −0.2 V=nm and vice versa [Fig. 3(b)].

FIG. 2. Summary of the rules that relate symmetry operations to
the directions of applied electric field for which current rectifi-
cation is forbidden. The crystals shown in the example are zinc
blende (a),(b) and fcc (c). (a) Reflection plane, (b) twofold
rotation, and (c) inversion center.

FIG. 3. (a) Scheme of the zinc blende structure showing the
(110) and (11̄0) planes. (b) Color map of the net ionic charge
density, Δρ, along the (110) and (11̄0) planes obtained from PNP
calculations for electric fields of −0.2, 0, and 0.2 V=nm applied
in the [001] (z) direction. Regions in blue and red indicate a high
concentration of negative and positive ions, respectively. (c) Mean
squared total ion concentration vs Eext for electric fields applied
in the [001] direction (z, does not show CR, orange line) and the
[111] direction (blue line, shows CR). Same calculation param-
eters as in Fig. 1.
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This result shows that if a crystal has a symmetry operation
T̂ , then the electrostatic potential [ψðrÞ] and the concen-
tration of the ions [ρiðrÞ] remain invariant after simulta-
neously applying T̂ and inverting the external electric field
applied in a direction not exhibiting CR.
The symmetry in the distribution of ions shown in

Fig. 3(b) is absent for Eext in directions exhibiting CR.
In those cases, there is a symmetry breaking in the ion
distribution in the open and close states (the same
phenomenon is responsible for CR in nanopores and
nanochannels [1,4,33]). The mean squared total ion con-
centration, hðρþðrÞ þ ρ−ðrÞÞ2i (where h…i indicates an
average over the volume of the unit cell) is a simple
parameter that reveals this asymmetry for directions dis-
playing CR [blue line in Fig. 3(c)], while it exhibits a
symmetry with the sign of the applied potential in non-
rectifying cases [orange line in Fig. 3(c)].
Figure 4 provides an additional example of colloidal

crystals with orientation-dependent CR. Wurtzite
[Fig. 4(a)] is a hexagonal crystal system that has been
predicted to be a stable phase for oppositely charged
colloids [34]. The symmetry elements of wurtzite are
compiled in Table S2 in [31]. The numerical solution of
the PNP equations [Fig. 4(b)] shows the absence of CR for
all Eext vectors in the ða⃗; b⃗Þ plane, in excellent agreement
with symmetry predictions: wurtzite has a twofold
screw axis in the c⃗ direction [known as f2001j001=2g;
see Fig. 4(a)], which negates CR in the whole plane normal
to c⃗ (Rule 2). The other symmetry elements of wurtzite do
not negate CR in additional directions.
Interestingly, Fig. 4(b) shows two regions of small

rectification (αCR ≈ 1.02–1.06, note the logarithmic scale)
for electric fields with polar angles of θ ≈ 0.2π and their
reciprocal directions, θ ≈ 0.8π. While CR is very weak in
these directions, it is still symmetry allowed. We explain
this result by considering the local tetrahedral (Th) envi-
ronment of the colloids. There are Th clusters in two
different orientations in wurtzite [Fig. 4(c)]. Each cluster
has three reflection planes with normals forming an angle
of θ ¼ π=2 − γTh=2 ¼ 0.196π with respect to the c⃗ axis
(where γTh is the Th angle, 109.5°). Therefore, an approxi-
mate “local” application of Rule 1 results in weak CR for
six vectors with θ ¼ 0.196π [these six vectors form a single
ring-shaped region in Fig. 4(b) because of the resolution of
the numerical calculations].
The local environment of the colloids also provides

insights about the directions of maximum CR for wurtzite
and zinc blende. Maximum CR in wurtzite [Fig. 4(b)]
occurs in the [001] direction (c axis). In zinc blende,
maximum CR is obtained in the [�1� 1� 1] directions
(vectors passing through opposite corners of the cubic cell);
see Fig. 1(a). Figures 4(d) and 4(e) show that all Th clusters
in zinc blende and wurtzite have a threefold rotation axis in
the direction of maximum CR. This is a reasonable result
considering that the Th cluster has a highly asymmetric
charge distribution along its threefold rotation axis.

In Supplemental Material [31], we discuss a third
example of CR, the case of the AuCl Cm, which only
exhibits a reflection plane and, therefore, CR is only
forbidden in directions normal to that plane (Rule 1). It
is also interesting to explore the application of Eq. (6) to
single nanopore membranes [1–5]. This calculation
requires using in Eq. (6) the matrix A corresponding to
the point symmetry group of the membrane (instead of the
space group symmetry used for crystals) because nano-
pores are nonperiodic systems. The analysis predicts that a
reflection plane normal to the pore axis or an inversion
center negate CR, as previously proposed in the literature
[35]. A more surprising result is that CR is also prohibited
by any improper rotation axes normal to the membrane (an
improper rotation, Sn, involves a rotation by an angle
360=n followed by a reflection in the plane normal to the
rotation axis).
Regarding the possibility of experimentally observing

bulk CR in colloidal crystals, our numerical calculations for
5 nm radius NPs require very large jEextj of ∼0.1 V=nm.
The mechanism of CR in oppositely charged colloidal
crystals is analog to that in bipolar nanopores [1], where the
rectification factor αCR (for a constant applied potential
bias) strongly increases when increasing the pore length

FIG. 4. (a) Wurtzite colloidal crystal (space group P63mc).
Positive and negative colloids are shown in gray and yellow,
respectively. (b) CR factor as a function of the direction of the
applied field (note the logarithmic scale for αCR). (c) Structure of
wurtzite showing the tetrahedral clusters, examples of their
reflection planes and their normal vectors. (d),(e) Structures of
zinc blende (d) and wurtzite (e) showing the tetrahedral clusters
and their threefold rotation axis (C3) in the direction of maximum
CR for each structure. Same calculation parameters as in Fig. 1.
V ¼ 16384 nm3 for the unit cell shown in panel (a).
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because the size of the region where the ions can redis-
tribute in nonequilibrium conditions is larger for long pores
than for short ones [1]. We thus anticipate that the value of
Eext required for CR in colloidal crystals will decrease
when increasing NP size. Fully 3D PNP calculations are
prohibitive for R > 5 nm; hence we conducted calculations
using a 2D system to test this hypothesis [Fig. 5(a), note the
NPs in the 2D case are infinite core-shell cylinders in the z
direction, but we expect the general trends to be valid for
the 3D case as well]. Figure 5(b) shows that the threshold of
jEextj required for CR decreases to ∼0.001 V=nm for
R ¼ 150 nm, suggesting that bulk CR can occur at exper-
imentally accessible electric fields for large-enough NPs.
All results presented above employ a gap between NPs

(which is required in 3D calculations to decrease the
number of meshing elements), but, experimentally, colloi-
dal crystals are packed structures of touching, immobile
NPs. Figures S4(a) and S5(a) in Supplemental Material
[31] show that αCR increases when decreasing the gap
between NPs and, thus, packed colloidal crystals exhibit
CR. Figures S4(b) and S5(b) in [31] shows that decreasing
the shell thickness, while keeping a constant charge, does
not eliminate CR, suggesting that bulk CR can also
achieved for NPs with surface charges instead of core-
shell colloids.
In summary, we demonstrated ionic bulk CR in NP

colloidal crystals. The translation symmetry of the material
makes CR a more complex phenomenon than that observed
in asymmetric nanopore membranes (i.e., interface CR).
We developed symmetry arguments to predict the con-
ditions where bulk CR is allowed (which can also be
straightforwardly applied to interface CR) and numerically
explored the phenomenon for colloidal crystals of oppo-
sitely charged NPs. Colloidal crystals exhibiting bulk CR
do not require the bilayer architectures used in nanofluidic

diodes [9,22,36], which may offer a fabrication advantage.
A future research direction is exploring finite noncentro-
symmetric colloidal crystals, which will simultaneously
display both bulk and interface CR.
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End Matter

Demonstration of Eq. (6)—Let us consider a crystal
that is invariant after an Euclidean transformation (i.e., a
rotation, translation, reflection, or a combination of them),
T̂ ∶rT ↦ ArT þ ΔrT. In other words, the fixed charge of
the colloids fulfills T̂ ½ρiðrÞ� ¼ ρiðrÞ (i ¼ p; n) and all
boundary conditions are still fulfilled after the transfor-
mation. We now apply T̂ to the PNP equations (1) and
(2), right multiply both terms of the Nernst-Planck equa-
tion [Eq. (1)] by A and use the following properties:
(i) ATA ¼ I; (ii) T̂ ½fðrÞ� ¼ fðT̂ ½r�Þ; (iii) T̂ ½gðrÞ∇fðrÞ� ¼
gðT̂ ½r�Þ∇fðT̂ ½r�ÞAT; (iv) T̂ ½∇2fðrÞ� ¼ ∇2fðT̂ ½r�Þ; and
(v) T̂ ∶r ↦ rAT þ Δr, which yields

JiðT̂ ½r�ÞA
¼ −Di

h
∇ρiðT̂ ½r�Þ þ ziρiðT̂ ½r�Þβe∇ψðT̂ ½r�Þ

i
; ðA1Þ

∇2ψðT̂ ½r�Þ

¼ −
e½ρþðT̂ ½r�Þ − ρ−ðT̂ ½r�Þ þ ρpðrÞ − ρnðrÞ�

ε
; ðA2Þ

and

ψðT̂ ½r1�Þ − ψðT̂ ½r2�Þ ¼ Eext · T̂ ½ðr2 − r1ÞT�
¼ Eext · T̂ ½rT2 − rT1 �
¼ Eext · ½Aðr2 − r1ÞT�: ðA3Þ

Comparing these equations with Eqs. (1)–(3) shows that
for an applied field equal to EextA, Eqs. (A1)–(A3) admit
the solution ψðT̂ ½r�Þ ¼ ψðrÞ, ρ�ðT̂ ½r�Þ ¼ ρ�ðrÞ, and
J�ðT̂ ½r�ÞA ¼ J�ðrÞ. Inserting the latter condition into
Eq. (4) results in an average current jA and a component
of the current in the direction of the field equal
to Eext · ðjAÞT=jEextj ¼ Eext · ðATjTÞ=jEextj.
Let us now consider a transformation T̂ for which

EextA ¼ −Eext [Eq. (6)]. Right multiplication by AT on
both sides yields Eext ¼ −EextAT. Replacing this expres-
sion into the component of the current in the direction of the
field that we obtained in the previous paragraph results in
ðEextATÞ · jT=jEextj ¼ −Eext · jT=jEextj ¼ −jk. In sum-
mary, the parallel component of the current for applied
potentials of Eext and −Eext are jk and −jk, respectively;
hence αCR ¼ 1. In other words, if the system is invariant
upon applying the Euclidean transformation T̂ , then CR
(for the component of the current in the direction of the
field) will not occur for all applied external potentials
fulfilling Eq. (6).
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