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ABSTRACT: Charged amphiphiles in solution usually self-assemble into flat nanoribbons that
spontaneously twist into different shapes. The role of electrostatics in this process is still under
strong debate. This work studies the electrostatic free energy of twisting a nanoribbon at the level
of the nonlinear Poisson—Boltzmann approximation. It is shown that helicoid-shaped ribbons are
more stable than flat ribbons, while other shapes under consideration (cylindrical helixes and bent
ribbons) are always less stable than the flat ribbon. The unexpected electrostatics-driven twisting
of the ribbon into a helicoid is ascribed to the increase in its perimeter with increasing degree of
twisting, as charges near the edge of the ribbon are electrostatically more stable than those near its
center. This argument successfully explains the effects of salt concentration and the width of the
ribbon on the optimal twisting period and allows us to approximately describe the problem of

free energy

period

ribbon twisting in terms of two dimensionless variables that combine the helicoid twisting period,

the Debye length of the solution, and the width of the ribbon. The magnitude of the electrostatic twisting energy predicted by our
calculations is comparable to that of restoring elastic forces for typical ribbons of self-assembled amphiphiles, which indicates that
electrostatics plays an important role in determining the equilibrium shape of charged nanoribbons.

Bl INTRODUCTION

Thin nanoribbons are a typical outcome of the self-assembly of
amphiphilic molecules in solution," ™ such as amyloid peptides
and synthetic peptide amphiphiles. Nanoribbons could further
twist forming a variety of supramolecular morphologies,
including helicoids (twisted ribbons)**~* or helixes (helical
ribbons),””' among other possibilities. There is reasonable
consensus in the literature that chiral interactions between the
molecules forming the supramolecular assembly promote
twisting.”>”""'* In this description, the intrinsic chirality of
the molecules allegedly generates chiral twisted nanostructures.
For example, it was proposed that ribbons formed by
amphiphilic peptides twist because of the misalignment of
hydrogen-bond acceptors and donors due to the chirality of
the molecule."> The emergence of nanoscale chirality from
molecular-scale chirality was profusely studied by different
theoretical approaches that consider the chiral elastic proper-
ties of the ribbons."*™'® Recently, Zhang et al."” developed a
remarkably predictive model of the twisting of self-assembled
ribbons based on continuum mechanics. They showed that the
torsion of ribbons arises from the competition between
hydrogen-bond interactions that present a preferable torsion
angle and hydrophobic attractive interactions that minimize
their energy in the absence of torsion.

The role of electrostatic interactions in nanoribbon twisting
is much more controversial than that of molecular chirality.
Electrostatic interactions, which are intrinsically nonchiral,
have been shown to play a relevant role in nanoscale twisting:
it has been reported that the state of charge of the
molecules””” and the ionic strength of the solution™*"** affect
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the morphology of twisted ribbons. Furthermore, Hu et al.
have shown that pure negatively or positively charged
amphiphilic peptides aggregate into twisted ribbons; however,
a 1:1 mixture of both amphiphiles forms flat nanobelts.” These
experiments renew the interest in understanding how electro-
static interactions affect the morphology of ribbon-like
nanoassemblies, a fundamental question that remains largely
unanswered.

In the past, the role of electrostatic interactions in the
twisting of nanoribbons was theoretically studied using chiral
polarization effects,”® scaling arguments,”* approximate ana-
lytical solutions of the Poisson—Boltzmann (PB) equation,*
and simulations using pairwise-additive screened coulombic
interactions (Yukawa potential) between point charges.”> In
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this report, we present the first study to decipher the role of ¢

electrostatics in twisting based on solving the fully nonlinear
Poisson—Boltzmann (PB) equation.”**” This model predicts
the electrostatic contributions to the free energy of the system
for a surface immersed in an electrolyte solution. Importantly,
we avoid simplifications such as the linearization of the PB
equation or the assumption of pairwise additivity.
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o M METHODS

70 Theoretical Methods. The thermodynamic potential that
71 describes the electrostatic contribution to the free energy of a
72 charged ribbon in a salt solution is the grand-canonical
73 potential Q(T, V, {u.}, Nq),28 which considers a system at
74 constant temperature (T), volume (V), chemical potential of
75 the free ions (u;), and number of fixed charges (N, = A-g,
76 where A is the surface area). This potential is

pa=Y [p@in(®/p") - 11dr

i=a,c

8 Y [o® - p)a

i=a,c

+ [ (Z p,(r)q,.](p(r) - (Vo))

2

dr + / o(x)o ds
s (1)
78 where p,(r) is the number density of the ions at position r (i =
79 a, ¢ for anions and cations, respectively), p° is a reference
80 density (whose choice does not have thermodynamic
81 consequences), @(r) is the electrostatic potential at position
82 1, = 1/kgT (kg is Boltzmann’s constant), q; =lel and —lel for i
83 = c and a, respectively (lel is the elemental charge), &, is the
84 vacuum’s dielectric permittivity, and ¢, is the relative dielectric
8s permittivity (we use water’s value at 25 °C, ¢, = 78.5). Each
86 term in eq 1 represents a contribution to the grand free energy.
87 The first term is the free energy associated with the mixing
88 entropy of the anions and cations. The second term is the
89 energy associated with the chemical potential of the ions. The
90 third and fourth terms are the electrostatic contributions to the
91 free energy associated with the volume charge density of the
92 solution and the surface charge density of the ribbon,
93 respectively.
94  The equilibrium properties of the system are determined by
95 finding the functional extremum of  with respect to p;(r) and
96 @(r). This procedure results in the well-known PB
97 equationm27

77

—_

XA,

Vio(r) =
98 Eoty (2)
99 with

bulk
0o P20 =p " Fexp(—fqr)) 3)
101 The boundary conditions of eq 2 are
. (pbulk -0 @
103 and on the ribbon surface
c

Vnga(s) = -

104 €& (3)

10s We solved eqs 2—S using the finite-element method (FEM)
106 implemented in COMSOL Multiphysics 5.2 (the Supporting
107 Information (SI) describes details of the implementation,
108 control calculations, and convergence tests). The calculation
109 was performed by enforcing periodic boundary conditions in
110 the long axis of the ribbon; therefore, we are effectively
111 modeling infinite ribbons. The value of Q(T, V, {u;}, N,) at its
112 extreme, which results from inserting the values of pigr) and
113 @(r) that satisfy eqs 2—S into eq 1, is a criterion of

—_

thermodynamic stability,zgi.e., for fixed T, V, u, and N, 114
smaller values of Q indicate a more stable structure. To assess 115
the relative stability of systems within calculation boxes having 116
different V and N, we compared the excess value of €2 per unit 117
area of the surface, Q% which, as explained in the Supporting 118
Information of ref 29, is the proper thermodynamic potential 119
to compare the thermodynamic stability of infinitely long 120
ribbons. 121

B RESULTS AND DISCUSSION 122

We calculate the free energy of thin, long nanoribbons of 123
different shapes (helicoids, helixes, longitudinally and trans- 124
versally bent ribbons, and flat ribbons; see Figure 1) immersed 125 1

N oo

Figure 1. Representation of a flat ribbon (a), helicoid-shaped ribbons
(b—d), a longitudinally bent ribbon (e), a transversally bent ribbon
(), and a helical ribbon (g). The red shaded region in (a)—(d)
defines ribbon-to-helicoid transformations that conserve the area of
this region (b), its length (c), or its contour length, i.e., perimeter not
including the lines normal to the edge of the ribbon (d). The width is
constant in the three transformations. Blue arrows indicate the
relevant geometric parameters for each morphology.

in a 1:1 electrolyte aqueous solution. The parameters 126
characterizing these shapes are the salt concentration of the 127
solution, the width of the ribbon (w), its surface charge density 128
(0), and its state of deformation. The latter is defined by the 129
period of twisting (P) for helicoid-shaped ribbons, the period 130
of twisting (P) and radius (r) for helical ribbons, the angle of 131
bending () for longitudinally bent ribbons, and the amplitude 132
of bending (a) for transversally bent ribbons. Figure 1 shows 133
representations of the considered shapes, where the parameters 134
that define the state of deformation are marked with blue 13s
double arrows. 136

The twisting of a flat nanoribbon to a helicoid can be 137
performed under different conditions. The most reasonable 138
assumption for nanoribbons self-assembled from amphiphilic 139
molecules is to fix the width of the ribbon and its area, i.e., a 140
transformation that keeps the area of the red region in the flat 141
ribbon shown in Figure la fixed when twisting it into the 142
helicoid in Figure 1b. The constant-width assumption is 143
reasonable for self-assembled ribbons because the width is 144
fixed by the number of molecules along the short axis of the 145
ribbon. The constant-area transformation is also reasonable as 146
it is equivalent to fixing the intermolecular distances within the 147
ribbon, which are mainly determined by interactions at the 148
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molecular scale. As a corollary, a constant-area transformation
will keep the surface charge density of the ribbon fixed. Besides
constant-area twisting, one can also envisage constant-
perimeter and constant-length twisting (helicoids in Figure
lc,d), but these transformations are unphysical for self-
assembled nanoribbons. Therefore, in the discussion below,
we will focus on the constant-area transformation and report
the results for the constant-perimeter and constant-length
twisting in the Supporting Information (SI).

In our model, we approximated very thin and long
nanoribbons as infinitely long charged surfaces with no
thickness. The surface is immersed in a solution of mobile
ions with a constant chemical potential fixed by the salt
concentration of the bulk solution (i, very far from the
surface). We considered only the electrostatic contributions to
the free energy (see Methods) because we are interested in
understanding how purely electrostatic effects affect twisting.
Therefore, the results discussed below do not include
contributions from elastic deformations and they describe a
physically meaningful system only in the limit where
electrostatic interactions dominate over elastic effects. At the
end of this work, we compare the electrostatic and the elastic
contributions and show that their order of magnitude is
comparable; therefore, in the most likely scenario, none of
these contributions are negligible.

Figure 2a shows the change of Q* for the constant-area
transformation of a charged flat ribbon into a helicoid (AQ* =
Q% icoid — 2% flatribbon) S @ function of the period of twisting
(P) for different salt concentrations. Note that, in this plot, a
helicoid with P — oo is equivalent to the flat ribbon; therefore,
AQ* — 0 as P — oo. Figure 2a shows that, for all values of salt
concentration, AQ* has a minimum as a function of P.
Therefore, at the equilibrium twisting period, Py the helicoid
is more stable than the flat ribbon. This observation is the most
important result of this work, as it shows that electrostatics
spontaneously promotes the twisting of a charged ribbon in
solution.

It is important to stress that the shape of the ribbon is fixed
during the calculations, and, therefore, our theory does not
include the effects of thermal fluctuations on the shape. In the
absence of chiral interactions, thermal fluctuations may affect
long-range order in the system because electrostatically
induced twisting can produce left-handed and right-handed
helicoids with equal probability. On the other hand, if the
chirality of the ribbon is fixed by molecular chirality, thermal
effects produce a distribution of twisting periods around the
optimal value observed in Figure 2a."*' In the SI, we include a
more detailed analysis of how the thermal fluctuations affect
the twisting period of ribbons in the latter case.

It is important to mention that, of all of the different shapes
considered in Figure 1, the helicoid-shaped ribbon is the only
structure that is more stable than the flat ribbon (see the SI).
For example, for helical ribbons, AQ* monotonically decreases
with the helix period for a fixed radius. This result is in
agreement with experimental observations that show that
charge screening®® and pH-driven neutralization” disfavor the
formation of helical ribbons. We believe that the special
stability of the helicoid may be originated in the fact that the
helicoid and the flat ribbon are minimal surfaces (they have
zero mean curvature), while the other structures in Figure 1 are
not.*!

We hypothesize that the stability of the helicoid with respect
to the nontwisted ribbon arises from the competition between
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Figure 2. (a) Excess free energy per unit area for the transition of a
charged flat ribbon into a helicoid (AQ*) as a function of the period
of twisting (P), for different salt concentrations. Calculations were
performed at a constant ribbon area. Note that the vertical solid line
separates two different scales of P. (b) Perimeter-to-area ratio of a
twisted ribbon (rygeq) relative to that of a flat ribbon (rg,) as a
function of the period of twisting, for different values of ribbon or in a
highly saline condition width. (c) Electrostatic potential (¢) as a
function of the distance to the center of the ribbon (d) along a line
normal to the edge of the ribbon (line with arrows in the inset). Gray
dashed lines show the lateral boundaries of the ribbon. The inset
shows a color map of ¢ at the surface of the ribbon. Calculation
parameters: w = 20 nm, 6 = 1 lel-nm™2, salt concentration = 0.005 M

(panel c).

two opposite electrostatic effects. On the one hand, increasing
the degree of twisting (i.e., decreasing period) decreases the
average distance between charges, which increases the
electrostatic repulsions. This effect clearly destabilizes twisted

218

structures. On the other hand, the perimeter-to-area ratio of 216

the helicoid increases with decreasing P; see Figure 2b. In
particular, a helicoid has a larger perimeter-to-area ratio than a

217
218

flat ribbon of the same width and area. Charges at the edge of 219

the ribbon experience less electrostatic repulsions than those
located at its center because a charge at the ribbon edge can
accommodate a double layer of oppositely charged ions more
effectively than a central charge. This mechanism is supported
by Figure 2c, which shows that the electrostatic potential, ¢, in
the edge of the structure is smaller than near its center because
edge charges are more screened by the electrolyte than center
charges. As a conclusion, the increase of the perimeter-to-area
ratio with decreasing P stabilizes the twisted structure. The two
opposing effects discussed above give rise to the minimum in
the AQ*(P) plot.

Figure 2a shows that the equilibrium period, P,,, monotoni-
cally decreases as the salt concentration increases. The absolute
value of AQ*(Peq), on the other hand, experiences a maximum
for a salt concentration of around 0.05 M. For salt
concentrations much larger than 0.05 M, electrostatic
interactions become negligible due to screening by the salt
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237 ions, which decreases AQ*. For salt concentrations much
238 lesser than 0.05 M, the equilibrium shape tends to the flat
239 ribbon because P, — oo; therefore, AQ*(Peq) should also
240 vanish. Interestingly, twisting is not predicted to occur both in
241 the absence of electrolyte (P,, — oo for [salt] — 0) or in
242 highly saline conditions (AQ*C(lPeq) — 0 for [salt] = o0).

243 We next analyzed how the equilibrium period, P, is affected
244 by the width of the ribbon, w, at different salt concentrations
245 (Figure 3a). For all salt concentrations, the equilibrium period

20 1
A A A 4 At
e 15+ .
c
-
g10 .
o’ ¢ 2 A [sall] = 0.005 M
[salt] =0.01 M
5+  [salt]j=0.05 M
® [saltj=0.1M
[salt] =0.25 M
ol n \
15 20 25 30
w/nm
12 T T T T
b [salt]=0.25 M
10+ ® [salt]=01M |
¢ [salt] =0.05 M
8- ° [salt] =0.01M |
o A [salt] = 0.005M
< *,,
~ L ]
g 6
Q 4k AAA A A a i
ok ]
0 . . . L L
0.4 0.6 0.8 1 1.2

P, o/ W
Figure 3. (a) Equilibrium period, P,,, as a function of the width of the
ribbon, w, for different salt concentrations. (b) Equilibrium period
divided by the Debye length, P, /4p, as a function of the equilibrium
period divided by the width of the ribbon, P../w. Both plots use the
same color code.

246 increases approximately linearly with the width. This result
247 qualitatively agrees with the experimental observation of an
248 increase in the twisting period with ribbon width in self-
249 assembled peptide amphiphiles.”*” The effect of w on P,y can
250 be rationalized in terms of our hypothesis of two competing
251 electrostatic effects that dictate the value of P,. A decrease in
252 w results in a decrease of the perimeter-to-area ratio
253 (compared to that of a flat ribbon of the same width; see
254 Figure 2b). Therefore, the system responds, increasing its
255 perimeter-to-area ratio by decreasing P.;. This mechanism
256 explains the increase of P, with increasing w.

257 The characteristic length scales involved in the twisting of
258 infinitely long and thin nanoribbons into helicoids are the
259 width (w), the equilibrium period (Peq) , and the Debye length
260 of the solution (Ap, the Debye length is a characteristic length
261 scale for electrostatic interactions in an electrolyte solution and
262 scales as Ap ~ [salt]™"/%). The nonlinearity of the problem and
263 the complexity of the geometry preclude an exact analytical
264 solution of the PB equation, so it is not possible to exactly cast
265 the problem in terms of dimensionless variables involving these
266 length scales. However, approximately universal behaviors may
267 exist and can be explored numerically. We propose above that
268 the perimeter-to-area ratio is one of the two effects controlling
269 the degree of twisting. In the SI, we show that this parameter
270 depends only on the ratio between the equilibrium period and
271 width of the helicoid, Peq/w.

272 The second proposed effect that determines the degree of
273 twisting is the decrease of the average distance between
274 charges with decreasing equilibrium period. This effect is

—

0 =

—

difficult to analyze, but it is reasonable to assume that it will 275
depend on the balance between the equilibrium period 276
(smaller P, stronger repulsions) and the Debye length, Ap 277
(smaller Ap implies stronger salt screening and weaker 278
electrostatic repulsions). Based on these considerations, we 279
propose that this effect is controlled by the dimensionless 280
variable P,/ Ap. In Figure 3b, we show plots of P.j/w vs P.i/Ap 281
for the same calculations shown in Figure 3a. All data sets 282
approximately collapse to a single universal curve, which 283
supports the idea that the dimensionless parameters control- 284
ling the behavior of the system are P../w and P,y/p. 285

Heretofore, we have shown that electrostatic repulsions 286
spontaneously twist a charged flexible ribbon into a helicoid. 287
To understand how relevant this result is in experimental 288
systems, we consider next the elastic resistance of the ribbons 289
and compare it with the electrostatic contribution. To estimate 290
the elastic contribution, we compute the mechanical energy 291
per unit area of a ribbon that is twisted at an angle ¢ through a 292

length L, given by’ 293
2
3 GI,¢
lastic —
cte 2’thelicoidL (6) 294

where G = 0.SE/(1 + v) is the shear modulus (E is Young’s 295
modulus and v is Poisson’s ratio), Ip is the torsion constant of 296
the cross section of the ribbon that depends on its width and 297
thickness,”* and A} jiciq is the area of the helicoid. Since we are 298
considering an infinite-length ribbon, we calculated U, for a 299
section defined by one period P; we set L = P, ¢p = z, and 300
Apdicoia to be equal to the area of that section (see the SI). 301
Note that for a given ribbon, defined by its width, thickness, 302
and shear modulus, U, increases with increasing degree of 303
twisting, i.e., when the period decreases. For a helicoid-shaped 304
ribbon with a period equal to 15 nm and a width equal to 20 30s
nm, U, is 0.09 kyT/nm* In this calculation, we set the 306
thickness to 3.41 nm, Young’s modulus to 9.5 MPa, and 307
Poisson’s ratio to 0.5, which correspond to the values obtained 308
by Zhang et al.'’ for the elastic energy of twisted ribbons 309
formed by a lysine-based peptide amphiphile. Figure 2a shows 310
that the electrostatic contribution to the free energy for 311
ribbons with a width equal to 20 nm and a salt concentration 312
of 0.005 M is —0.02 kzT/nm” (see Figure 2a). This value is 313
less than an order of magnitude smaller than U,y which 314
implies that electrostatic effects on ribbon twisting are 315
expected to be relevant compared to the elastic contribution. 316
It is important to mention that Uy, strongly depends on the 317
elastic and geometric properties of the ribbon. The elastic 318
energy will be small for thin ribbons (which are more flexible 319
than thick ones), small shear modulus, and large twisting 320
periods (which occur at small salt concentrations; see Figure 321
2a). In such cases, electrostatics should be taken explicitly into 322
account to understand how the shape of self-assembled ribbons 323
arises. 324

Ribbons often present a preferred angle of torsion ¢, due to 325
chiral interactions at the molecular level”'? (note that in eq 6, 326
¢ = 0). In these cases, U,y increases when the angle of 327
torsion shifts away from ¢, and ¢, hence defines an elastic 328
equilibrium period. Since the order of magnitude of the elastic 329
energy is similar to that of the electrostatic energy near the 330
electrostatic equilibrium period, electrostatics should be taken 331
into account if the period given by ¢, is close to the period 332
given by electrostatics, which, for the systems analyzed in this 333
work, is ~10—20 nm. This conclusion is supported by 334
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experimental data. For example, Adamcik and Mezzenga®
showed that the salt concentration tunes the period of twisted
amyloid fibrils in the range of 25—200 nm. Furthermore,
Uesaka et al.” prepared twisted and helical ribbons of different
twisting periods (~50—100 nm) by pH-driven charge
regulation. On the contrary, when the twisting period is
much larger than the optimum period dictated by electro-
statics, charge regulation is expected to play a minor role or not
to play a role at all. In sum, we conclude that the shape of
flexible ribbons that present a periodic torsion with relatively
small pitch will be significantly affected by electrostatic
interactions.

Finally, we investigated if an approximated description of the
electrostatic interactions using a pairwise-additive potential can
capture the fact that helicoids are minimum free-energy
surfaces in electrolyte solutions. More specifically, we consider
the Yukawa potential, which models the electrostatic potential
generated by a point charge in an electrolyte solution at the
level of the linearized PB equation.””** Under the assumption
of pairwise additivity, this potential is usually used to model
systems with more than a single charge. To compute the
pairwise Yukawa energy of a charged ribbon, we defined point
charges homogeneously distributed on the ribbon surface and
computed the total Yukawa free energy, given by

lel® Z Z

471'8081, i>j,1;>19

EXP(_(",'; = 1)/ 2

Q =
(1 + 1/Ap)

Yukawa

)

where r;; is the distance between charges i and j, r, is the
minimum allowed distance between two charges, and Ay, is the
Debye length. For the calculations shown below, we set 7, to 1
nm, but our qualitative conclusions are independent of the
value of this parameter.

Figure 4 shows the Yukawa free-energy difference per unit

area between a helicoid and a flat ribbon, AQy ..., as a
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Figure 4. Difference between the Yukawa free energies of a twisted
ribbon and a flat ribbon (AQyy.w.) as a function of the period of

twisting (P). Calculation parameters: w = 20 nm, ¢ = 1 lelnm™.

function of the period of twisting of the helicoid (P), for
different salt concentrations. As expected, AQy .. tends to
zero for P — oo. For all P, AQy,;.,. is positive; therefore, the
Yukawa model predicts that the twisted ribbon is always less
stable than the flat ribbon. Note that, in a previous model from
de la Cruz’s group that used Yukawa interactions,” helicoids
were more stable than flat ribbons in some conditions;
however, that model considered harmonic forces between
charges in addition to electrostatics. We also note that the
order of magnitude of AQyy,.. (Figure 4) is significantly
larger than that predicted by the PB calculation (Figure 1a).
This difference between the pairwise-additive Yukawa model
and the PB calculations seems to be a general characteristic, as
we show in the SI by analyzing the free energy between two
infinite charged planes using numerical and analytical PB

calculations and the Yukawa model. We ascribe the qualitative
and quantitative differences between the predictions of the full
PB approach and the pairwise-additive approximation to the
fact that the latter does not take into account the nonadditivity
of the ionic double layers surrounding the fixed charges of the
helicoid.

B CONCLUSIONS

In summary, we have shown that charged helicoids are more
stable than flat ribbons in electrolyte solutions under the
assumption of a constant-area transformation. This trans-
formation is the most reasonable one as it keeps a constant
charge density, 0. The stabilizing electrostatic free energy for
twisting the ribbon and the elastic energetic penalty have
similar orders of magnitude. In the case of nanoribbons formed
by amphiphile self-assembly, the electrostatic contributions will
be relevant for flexible ribbons (thin ribbons with low Young’s
modulus), large surface charge densities (highly charged
amphiphiles), and low ionic strengths (which promote large
twisting periods that involve low elastic penalties). Even in the
case where the spontaneous twisting of the ribbon results from
molecular chirality, electrostatic interactions may be relevant
and shift the optimal twisting period. This situation can be
recognized in experiments as a dependence of the twisting
period on the ionic strength of the solution.

The fact that the helicoid is a minimum free-energy surface
in aqueous solution is unexpected if we consider that a one-
dimensional string of charges minimizes its energy in the fully
stretched conformation. However, twisting the nanoribbon
into a helicoid (keeping a constant and homogeneous charge
density) results in an increase in its perimeter. We, therefore,
ascribe the stability of the helicoid to an increase in the
number of charges near the edge, which are more stable than
those near the axis. This simple argument successfully explains
many of our numerical results, but one should note that there
still remain open questions, for example, why the helicoid is
the only twisted shape that can be more stable than the flat
ribbon and why pairwise-additive electrostatic models fail to
capture the effect. In conclusion, the results of this work
provide new insights into the role of electrostatics in the shape
development of soft materials.
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